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Abstract
Let X be a Peano continuum. Then the following hold: (1) The singular cohomology group H 1(X)
is isomorphic to the ˇCech cohomology group Hˇ 1(X). (2) For each homomorphism h :π1(X) →
∗i∈IGi there exists a finite subset F of I such that Im(h) ⊆ ∗i∈FGi . (3) For each injective homo-
morphism h :π1(X) → G0 ∗ G1 there exists a finitely generated subgroup F0 of G0 or a finitely
generated subgroup F1 of G1 such that Im(h) ⊆ F0 ∗G1 or Im(h) ⊆ G0 ∗ F1.
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1. Main results and definitions
Do fundamental groups of Peano continua share with some particular properties?
It seems that very little has been known about this. The following result of Shelah implies
that no infinitely generated countable groups can be such groups.
Theorem 1.1 (Shelah [38]). Let X be a Peano continuum. Then π1(X) is finitely generated
or uncountable.
In the present paper we investigate about other properties which fundamental groups
of Peano continua share with and a certain property which homology groups of Peano
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slender groups” are stated at the end of this section.
Theorem 1.2. Let X be a locally n-connected Peano continuum and S be a slender Abelian
group. Then
Hom
(
Hn+1(X),S
)= lim→ (Hom(Hn+1(NOm), S): m<ω)
where Om is a finite open cover of X with its mesh less than 1/m and NOm ’s are nerves
[27] and Hn+1(X) is the singular homology group. In particular, H 1(X) = Hˇ 1(X) holds
for a Peano continuum X and consequently H 1(X) is countable.
The next theorem is a non-commutative variant of Theorem 1.2.
Theorem 1.3. Let X be a Peano continuum and S be an n-slender group. For each ho-
momorphism h :π1(X) → S there exist a finite cover U of X consisting of path-connected
open sets and a homomorphism h :NU → S such that h = h · pU .
For a precise definition of pU :π1(X) → π1(NU ) we refer the reader to [21, p. 164].
The following is a variant of [13, Corollary 2.5].
Theorem 1.4. Let X be a Peano continuum and Gi ’s be groups. For a homomorphism
h :π1(X,x0) → ∗i∈IGi there exists a finite subset F of I such that Im(h) ∗i∈FGi .
The next theorem is a variant of [5, Theorem 3.1], which concerns only the Hawaiian
earring.
Theorem 1.5. Let X be a Peano continuum which is not semi-locally simply connected at
any point. For an injective homomorphism h :π1(X,x0) → G0 ∗G1, there exists a finitely
generated subgroup F0 of G0 such that Im(h) F0 ∗G1 or there exists a finitely generated
subgroup F1 of G1 such that Im(h)G0 ∗ F1.
Since this study is done in a recent stream of study on homotopy groups and homology
groups of wild spaces, we explain this in Appendix A. In the remaining part of this section
we state some basic definitions.
Two paths f : [0,1] → X and g : [0,1] → X are equivalent, if there exists an order-
preserving isomorphism ϕ : [0,1] → [0,1] such that g = f ·ϕ, which is denoted by f ∼= g.
The size of a loop is the diameter of the image of the loop and the size of a singular
n-cycle z =∑mi=0 aifi is the diameter of ⋃mi=0 Im(fi), where ai ∈ Z and fi ∈ C(∆n,X).
For a loop f , the essential size of f is less than ε > 0 if there exist a loop l and a path
g such that the diameter of Im(l) is less than ε and f ∼= g−lg. For a loop l with the
base point x, [l] ∈ π1(X,x) denotes the homotopy class relative to {0,1} containing l. For
an n-cycle z, [z]s ∈ Hn(X) denotes the homology class containing z. All open covers
in this paper are finite covers. Since we only deal with compact spaces, this is harm-
less.
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1/n2, 1  n < ω} is parametrized as follows: en(t) = ((cos 2πt − 1)/n, sin 2πt/n) for
1  n < ω, 0  t  1. (Here, en refers to the nth earring, that is the nth simple closed
curve.) For n 2 the n-dimensional Hawaiian earring {(x0, x1, . . . , xn): (x0 + 1)2 + x21 +
· · · + x2n = 1} is denoted by Hn. The origin (0,0) ∈ H is denoted by o.
The fundamental group π1(H) is isomorphic to the free σ -product ×n<ωZn, where Zn
is a copy of the integer group Z [13] and this presentation was used as well in [15,17,19].
The generator of Zn is denoted by δn. For a path p from x to x′, ϕp denotes the canonical
base-point-change isomorphism from π1(X,x) to π1(X,x′), i.e., ϕg([f ]) = [p−fp].
A group S is called noncommutatively slender (abbreviated by n-slender), if for every
homomorphism h :×n<ωZn → S almost all h(δn) are identity [13, Definition 3.1]. The
class of n-slender groups is closed under taking free products and restricted direct product
[13, Theorem 3.6]. An Abelian group S is called slender, if for every homomorphism
h :
∏
n<ω Zn → S almost all h(δn) are trivial [29, p. 159]. An Abelian group is slender, if
and only if A is torsion-free and A does not contain any copies of
∏
n<ω Zn, the p-adic
integer group and the rational group Q [37, Theorem 1]. An Abelian group A is n-slender,
if and only if A is slender [13, Theorem 3.3]. Consequently free groups are n-slender and
free Abelian groups are slender and n-slender.
2. Homology and cohomology groups
We apply [24, Lemma 2.1] and so recall some definitions to state it. Since we need some
part of them, we state it in a simplified form. For an open cover O of a space X, a subset S
of X is said to be O-small, if there exists an element O ∈O such that S ⊂ O . Let XnO be
the set of (n+ 1)-tuples (x0, . . . , xn) such that {x0, . . . , xn} areO-small. For an open cover
P of a space X and a subset P of X, StP (P ) denotes the set
⋃{U ∈P: U ∩ P 	= ∅}.
The standard n-simplex is denoted by ∆n. The vertices of ∆n are denoted by v0, . . . ,vn.
The simplicial map εi :∆n−1 → ∆n is defined by εi(vj ) = vj for j < i and εi(vj ) = vj+1
for j  i as usual. The boundary of ∆n is the set
⋃n
i=0 Im(εi) and is denoted by ∂∆n.
The boundary operator ∂n+1(= ∂) :Sn+1(X) → Sn(X) is defined by ∂(u) =∑n+1i=0 u · εi
for u ∈ C(∆n+1,X). Since this operation ∂ is defined as well in the case that u is defined
only on ∂∆n+1, by abuse of notation, we define ∂(u) for u ∈ C(∂∆n+1,X) by the same
formula as above. A standard n-cycle is ∂(u) for a continuous map u : ∂∆n+1 → X. Two
n-cycles
∑m
k=0 λkuk and
∑m
k=0 λkvk for λk = ±1 and uk, vk ∈ C(∆n,X) are equivalent,
when (−1)iλkukεi + (−1)i′λk′uk′εi′ = 0 if and only if (−1)iλkvkεi + (−1)i′λk′vk′εi′ = 0
for 0  k  m and 0  i  n. (In other words two cycles are equivalent, when they are
related to the same simplicial complex.)
For u ∈ C(∆n,X) define ϕ(u) = (u(v0), . . . , u(vn)). The n-tuple obtained by deleting
xi from (x0, . . . , xn+1) is denoted by (x0, . . . , x̂i , . . . , xn+1). Let P be a cover of X. For
S ⊆ X StP (S) is a subset
⋃{P ∈ P: S ∩ P 	= ∅} of X. Let XiP be the set of the (i + 1)-
tuples (x0, . . . , xi) such that {x0, . . . , xi} is P-small.
We state a variant of [24, Lemma 2.1], in which “0  i  n + 1” was mistyped as
“0 i  n”. According to this presentation the proof of [24, Lemma 2.1] can be expressed
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proof is essentially the same, we omit it.
Lemma 2.1. Let X be a locally n-connected Peano continuum and O an open cover of X.
Then there exist a refinement P of O and maps ξi (0  i  n + 1) with the following
properties:
(1) the domain of ξi consists of (x0, . . . , xi−k−1, u) such that u ∈ C(∆k,X) and
{x0, . . . , xi−k−1} ∪ Im(u) is P-small for 0 k  i;
(2) for each P ∈P , StP (P ) is O-small;
(3) ξ0(x)(v0) = x for each x ∈ X and ξi(u) = u when i = k;
(4) if (x0, . . . , xi−k−1, u) is in the domain of ξi , Im ξi(x0, . . . , xi−k−1, u) is O-small;
(5) ξi+1(x0, . . . , xi−k, u)εj =
{
ξi(x0, . . . , x̂j , . . . , xi−k, u) for j  i − k,
ξi(x0, . . . , xi−k, uεj−(i−k+1)) for j  i − k + 1.
Lemma 2.2. Let X be a locally n-connected Peano continuum, S be a slender Abelian
group and h :Hn+1(X) → S be a homomorphism. Then there exists ε > 0 such that
h([z]s) = 0 for every standard (n+ 1)-cycle z whose size is less than ε.
Proof. Suppose that there exist standard (n+ 1)-cycles zm such that h([zm]s) 	= 0 and the
sizes of zm converge to 0. We have a subsequence of zm’s whose images converge to a point
x∗. By the local path-connectivity we may assume that such zm’s are maps from (Sn+1, o)
to (X,x∗). Now there exists a continuous map F from the (n + 1)-dimensional Hawaiian
earring Hn+1 to X so that the restriction of F to the mth sphere corresponds to zm. Then
F∗ :πn+1(Hn+1) → S is a homomorphism.
When n  1, πn+1(Hn+1) is naturally isomorphic to
∏
n<ω Zn [22, Corollary 1.2]
and consequently F∗(δm) = 0 for almost all m by the slenderness of S. This contradicts
F∗(δm) = h([zm]s) 	= 0 for every m. When n = 0, π1(H) is isomorphic to ×n<ωZn [13]
and slender Abelian groups are n-slender [13, Theorem 3.3] and consequently h([zm]s) =
F∗(δm) 	= 0 for almost all m, which is a contradiction. 
The proof of Theorem 1.2 is done by mimicking a standard method to show Hn+1(X) 
Hˇn+1(X) for a locally (n+ 1)-connected space X [35]. In this case we have small singular
(n+ 2)-simplexes u ∈ C(∆n+2,X) by the local (n+ 1)-connectivity. In our case the local
property is weaker,but we have small standard (n + 1)-cycle ∂(u) ∈ C(∂∆n+2,X) with
h(∂(u)) = 0. Applying Lemmas 2.1 and 2.2 to this situation we have the theorem.
Proof of Theorem 1.2. We recall the proof of the fact that the Alexander homol-
ogy and the ˇCech homology are isomorphic [10]. Since the isomorphism is estab-
lished by the commutative diagram between Hn+1(XU )’s and Hn+1(NU )’s, we can eas-
ily see that lim→ (Hom(Hn+1(NOm), S): m < ω)  lim→ (Hom(Hn+1(XOm), S): m < ω).
Therefore it suffices for us to deal with lim→ (Hom(Hn+1(XOm), S): m < ω) instead oflim→ (Hom(Hn+1(NOm), S): m < ω). Applying Lemma 2.1 to the case that u is an empty
map, we see that ϕ induces a surjection from Hn+1(X) to Hn+1(XO ) for a sufficientlym
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homomorphism ϕ∗ : lim→ (Hom(Hn+1(XOm), S): m < ω) → Hom(Hn+1(X),S). The pre-
ceding fact implies that ϕ∗ is injective.
To see that ϕ∗ is surjective, let h :Hn+1(X) → S be a homomorphism and take ε > 0
according to Lemma 2.2. Take a finite coverO of X such that the size of StO(O) is less than
ε for each element O ∈O. We apply Lemma 2.1 and choose a finite refinement P of O.
When k = −1 in Lemma 2.1, ξi+1 is ψi+1 in [24, Lemma 2.1] and so we use the notation
ψi+1 in this case. To each (n + 1)-simplex (x0, . . . , xn+1) in XP we associate a singular
(n + 1)-simplex ψn+1(x0, . . . , xn+1). This map ψn+1 induces a homomorphism from the
chain group Cn+1(XP ) to the singular chain group Sn+1(X), which we also denote by
ψn+1 [24, p. 1490]. We define h :Hn+1(XP ) → S as h([z]) = h([ψn+1(z)]) for an (n+1)-
cycle z ∈ Zn+1(XP ).
We show that h is well-defined and ϕ∗(h) = h · ϕ = h, which shows the surjectivity of
ϕ∗. For the well-definedness of h it suffices to show h([ψn+1(z)]) = 0 for z ∈ Bn+1(XP ),
that is, h([ψn+1(∂(x0, . . . , xn+2))]) = 0 for (x0, . . . , xn+2) ∈ Xn+2P . Since {x0, . . . , xn+2} ⊆
P for some P ∈ P , ⋃n+2i=0 Im(ψn+1(x0, . . . , x̂i , . . . , xn+2)) ⊆ StO(O) for some O ∈ O.
Since
∑n+2
i=0 (−1)iψn+1(x0, . . . , x̂i , . . . , xn+2)) is a standard (n+ 1)-cycle by Lemma 2.1,
h([ψn+1(∂(x0, . . . , xn+2))]) = 0 by [24, Lemma 2.1] (Lemma 2.2).
Now it remains to show h = h · ϕ, that is: h(∑mk=0 λkuk) = h(∑mk=0 λkψn+1(yk0, . . . ,
yk n+1)), where
∑m
k=0 λkuk ∈ Zn+1(X), each Im(uk) is P-small and yki = uk(vi ). We
remark that
∑m
k=0 λkψn+1(yki0, . . . , ykin+1) is an (n + 1)-singular cycle and equivalent to∑m
k=0 λkuk .
Let ukj ∈ C(∆n+1−j ,X) be the linear extension of the formulas ukj (vi ) = uk(vi+j ) for
0 i  n+ 1 − j and 0 k m.
We define τkj ∈ C(∂∆n+2,X) such that each Im(τkj ) ⊆ StO(O) for some O ∈ O as
follows:
for 0 j  n+ 1, 0 l  n+ 2
τkj εl =
{
ψn+1(yki0, . . . , ŷkl, . . . , ykj , ukj ) for l  j,
ψn+1(yki0, . . . , ykj , ukj εk(l−1)) for l  j + 1.
We remark τk0ε0 = uk by definition.
We observe the following:
τkj εj = τk(j−1)εj for 1 j  n+ 1,
τkj εj+1 = τk(j+1)εj+1 for 0 j  n.
Suppose that (−1)iλkukεi + (−1)i′λk′uk′εi′ = 0 and i  i′. Then we have (yk0, . . . , ŷki ,
. . . , yk(n+1)) = (yk′0, . . . , ŷk′,i′ , . . . , yk′(n+1)) and ukεki = uk′εk′i′ and hence
τkj εi+1 = τk′j εi′+1 for i  j + 1,
τkj εi = τk′(j−1)εi′+1 for i  j − 1, j  i′,
τkj εi = τk′j εi′ for i  j − 1, j  i′ + 1.
When i′  i, symmetric equations hold.
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m∑
k=0
λkuk −
m∑
k=0
λkψn+1(yk0, . . . , yk n+1)
=
m∑
k=0
n+1∑
j=0
n+2∑
i=0
(−1)i+j τkj εi =
m∑
k=0
n+1∑
j=0
(−1)j ∂(τkj ).
Since h([∂(τkj )]) = 0, h(∑mk=0 λkuk) = h(∑mk=0 λkψn+1(yk0, . . . , yk n+1)). 
3. Fundamental groups
The next lemma is a variant of Lemma 2.2 and a local variant of it has appeared in [1].
Lemma 3.1. Let X be a Peano continuum, S be an n-slender group and h :π1(X,x0) → S
be a homomorphism. Then there exists ε > 0 such that h([f ]) = 0 for every loop f whose
essential size is less than ε.
Proof. Suppose the negation of the conclusion. As in the proof of Lemma 2.2, we have
loops ln, paths fn and a point x∗ such that Im(ln)’s converge to x∗ and h([f−n lnfn]) 	= e
for each n. By the local path-connectivity there exist paths gn such that Im(gn)’s converge
to x∗ and each gn is a path from the base point of ln to x∗. Choose a path g from x∗ to x0.
Then,
h
([
(gng)
−lngng
])= h([[f−n gng]−1[f−n lnfn][f−n gng]])
= h([f−n gng])−1h([f−n lnfn])h([f−n gng]) 	= e.
Since the images of g−n lngn’s converge to x∗, there exists a continuous map F from the
Hawaiian earring H to X so that the restriction of F to the nth circle corresponds to g−n lngn.
Then ϕ · F∗(δn) 	= e for every n, which contradicts the n-slenderness of S. 
For a finite cover U of a space X, let π1(U, x0) be the subgroup of π1(U, x0) consisting
of [f−gf ]’s such that g is a loop in some U ∈ U and f is a path from the base point of g
to x0 [40, p. 81].
Proof of Theorem 1.3. We have ε > 0 by Lemma 3.1. By the local path-connectivity
there is a finite cover U = {U0, . . . ,Um} of X consisting of path-connected open sets of the
diameters less than ε/2. Choose xi ∈ Ui and a path fij in Ui ∪ Uj from xi to xj for each
i < j with Ui ∩Uj 	= ∅. We define h :π1(N (U),U0) → S as follows.
A loop in (N (U),U0) with the base point U0 is presented as (V0,V1, . . . , Vm) such that
Vi ∈ U , V0 = Vm = U0 and Vi ∩Vi+1 	= ∅ for 0 i  n−1. To each loop (V0, . . . , Vm) with
the base point U0 we associate a loop l(V0, . . . , Vm) in X with the base point x0 such that
l(V0, . . . , Vm) is obtained by connecting paths fij ’s and f−ij ’s so that VkVk+1 corresponds
to fij if Vk = Ui and Vk+1 = Uj and VkVk+1 corresponds to f− if Vk = Uj and Vk+1 = Ui .ij
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does not depend on the choice of fij ’s are proved during the proof of h = h · pU .
Let f : [0,1] → X be a loop with base point x0. Choose 0 = t0 < t1 < · · · < tm = 1 and
ik for 0  k  m so that i0 = im = 0 and f (tk) ∈ Uik and f ([tk, tk+1]) ⊆ Uik ∪ Uik+1 for
0 k m− 1. Then we have a loop g : [0,1] → X such that
(1) g(0) = g(1) = x0, and
(2) g is obtained by connecting paths fij ’s and f−ij ’s and g(tk) = xik , and
(3) g  [tk, tk+1] ∼= fikik+1 if ik < ik+1, g  [tk, tk+1] ∼= f−ikik+1 if ik > ik+1 and g  [tk, tk+1]
is constant xik if ik = ik+1.
We have a path pk in Uik from f (tk) to xik for each 0 < k <m. Let
l0 = f  [0, t1]p1
(
g  [0, t1]
)−
,
lk = f  [0, tk+1]pk+1
(
g  [tk, tk+1]
)−
(pk)
−(f  [0, tk])−
for 0 < k <m− 1,
lm−1 = f
(
g  [tm−1,1]
)−
(pm−1)−
(
f  [0, tm−1]
)−
.
Then essential sizes of the loops lk are less than ε and consequently h([lk]) = e for 0 
k m− 1. Since lklk−1 is homotopic to
f  [0, tk+1]pk+1
(
g  [tk, tk+1]
)−(
g  [tk−1, tk]
)−
(pk−1)−
(
f  [0, tk−1]
)−
= f  [0, tk+1]pk+1
(
g  [tk−1k, tk+1]
)−
(pk−1)−
(
f  [0, tk−1]
)−
for 1 < k < m − 1, fg− is homotopic to lm−1lm−2 · · · l0 and consequently we have
h([f ]) = h([g]). Since pU ([f ]) = [fU ] = [(Ui0 , . . . ,Uik , . . . ,Uim)], we have shown the
well-definedness of h and also h = h · pU . 
Proof of Theorem 1.4. To prove by contradiction, suppose that the conclusion does not
hold, that is, Im(h) is not contained in ∗i∈FGi for any finite subset F of I . We construct
finite open covers Un of X, subgroups Hn and subsets Tn of π1(X,x0), finite subsets Fn
of I and loops ln by induction as follows. Our construction is an iteration of a construc-
tion similar to that in the proof of Theorem 1.3. Let U1 = {U10, . . . ,U1m1} be a finite
cover of X consisting of path-connected open sets such that the diameter of U1i ∪ U1j
is less than 1 for U1i ∩ U1j 	= ∅. Then we take x1i ∈ U1i for 1  i  m1 and a path
f1ij in U1i ∪ U1j from x1i to x1j for each i < j with for U1i ∩ U1j 	= ∅. Let H1 be
the subgroup of π1(X,x0) consisting of [l] such that l is a loop with the base point x0
obtained by connecting paths f1ij ’s and f−1ij ’s. Since H1 is finitely generated, we have
F1 ⊆ I such that h(H1)  ∗i∈F1Gi . Let T1 be the subset of π1(U, x0) satisfying the fol-
lowing:
T1 consists of all the [f−gf ]’s such that g is a loop with the base point x1i in some
U1i and f is a path obtained by connecting f1ij ’s and f−1ij ’s. We remark that T1 is not a
subgroup in general.
Claim 1. H1 ∪ T1 generates π1(X,x0).
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· · · < tm = 1 and ik for 0 k m so that i0 = im = 0 and f (tk) ∈ U1ik and f ([tk, tk+1]) ⊆
U1ik ∪U1ik+1 for 0 k m− 1. Then we have a loop g : [0,1] → X such that
(1) g(0) = g(1) = x0, and
(2) g is obtained by connecting paths f1ij ’s and f−1ij ’s and g(tk) = x1ik , and
(3) g  [tk, tk+1] ∼= f1ikik+1 if ik < ik+1, g  [tk, tk+1] ∼= f−1ik ik+1 if ik > ik+1 and g  [tk,
tk+1] is constant x1ik if ik = ik+1.
Then we have [g] ∈ H1 and [gf−] ∈ 〈T1〉 and the claim is proved.
By this claim and the assumption we have a loop l1 and a path p1 such that [p−1 l1p1] ∈
T1, h([p−1 l1p1]) /∈ ∗i∈F1Gi , l1 is a loop in some U1i with base point x1i and p1 is a path
from x1i to x0 obtained by connecting f1ij ’s.
After constructing Un−1, Sn−1, Tn−1, ln−1 and pn−1, we construct Un = {Un0, . . . ,U1mn}
so that Un is a refinement of Un−1 consisting of path-connected open sets and the diam-
eter of Uni ∪ Unj is less than 1/n for Uni ∩ Unj 	= ∅. Then we choose xni ∈ Uni so that
{x(n−1)i : 0  i  mn−1} ⊆ {xni : 0  i  mn} and choose fnij as in the first step. Then
we define a subgroup H similarly as H1 in the first step and let Hn = 〈H ∪ Hn−1〉. Then
we define Tn, finite subset Fn of I , a loop ln and a path pn so that [p−n lnpn] ∈ Tn but
[p−n lnpn] /∈ ∗i∈FnGi similarly as in the first step. Before deducing a contradiction we need
a claim.
Claim 2. Let V be a path-connected open set with its diameter less than ε and xns0, xns1 ∈
V . Then there exists a path g from xns0 to xns1 such that the diameter of Im(g) is less
ε + 2/n and g is obtained by connecting paths fnij ’s and f−nij ’s.
Since V is path-connected, there is a path f from xns0 to xns1 in V . As in the proof of
Claim 1, choose 0 = t0 < t1 < · · · < tp = 1 and ik for 0 k  p so that xni0 = xns0, xnip =
xns1 and f (tk) ∈ Unik and f ([tk, tk+1]) ⊆ Unik ∪ Unik+1 for 0 k  p − 1. Since xnik and
xnik+1 are connected by a path fnikik+1 or fnik+1ik in Unik ∪ Unik+1 , we let g to be the path
obtained by connecting these paths. Then the diameter of Im(g) is less than ε + 2/n and
we have shown Claim 2.
Since the diameters of Im(ln)’s converge to 0, there exists an accumulation point x∗ of
Im(ln)’s. By taking a subsequence we may assume Im(ln)’s converge to x∗ without loss of
generality. Let yn be the base point of ln. By Claim 2 we have paths qn such that Im(qn)’s
converge to x∗ and qn is a path from yn−1 to yn obtained by connecting fnij ’s, where we let
y0 = x0. Then we have a path q = q1 · · ·qn · · · from x0 to x∗. Since [q1 · · ·qn−1pn] ∈ Hn,
[q1 · · ·qn−1ln(q1 · · ·qn−1)−] /∈ ∗i∈FnGi . We define a continuous map f : (H, o) → (X,x∗)
so that f · en ∼= (qn+1qn+2 · · ·)−lnqn+2qn+1 · · · for each n. We have
h · ϕq− · f∗(δn)
= h · ϕq− · f∗
([en])
= h([(q1 · · ·qn · · ·)(qn+1qn+2 · · ·)−ln(qn+1qn+2 · · ·)(q1 · · ·qn · · ·)−])
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This contradicts [13, Corollary 2.5]. 
4. Proof of Theorem 1.5
The proof of Theorem 1.5 is a modification of that of [5, Theorem 3.1] and use technical
lemmas in [13,5]. Here we recall them.
Lemma 4.1 [13, Lemma 2.3]. Let Hj (j ∈ J ) be groups. Let m+n+2 k for m,n, k ∈ N
and u,xi, z ∈ ∗j∈JHj (1  i M). If l(u)  m, u = x1zk · · ·xMzk and l(xi)  n for all
1 i M , then one of the following hold:
(1) z is a conjugate to an element of some Hj ;
(2) z = x−1f xy−1gy for some f ∈ Hj and g ∈ Hj ′ with f 2 = g2 = e and x, y ∈ ∗j∈JHj ,
and xi = zpx−1f x or xi = y−1gyzp for some i and p.
Definition 4.2. A subset C1 of G0 ∗G1 is the set of all conjugates to elements of G0 ∪G1,
i.e., C1 = {x−1ux: u ∈ G0 ∪G1, x ∈ G0 ∗G1}, and C2 = {xy: x, y ∈ C1}.
Lemma 4.3 [5, Lemma 3.6]. Let G′0 and G′1 be subgroups of G0 and G1 respectively. If
a0 ∈ G0 \G′0, b0 ∈ G1 \G′1 and a1 ∈ G0 \ 〈G′0 ∪ {a0}〉, then
(1) u−1a0uv−1b0vu−1a1u /∈ C2 for u,v ∈ G′0 ∗G′1;
(2) wu−1a0uv−1b0vu−1a1u does not belong to{(
x−1f xy−1gy
)p
x−1f x, y−1gy
(
x−1f xy−1gy
)p
:
f,g ∈ G0 ∪G1, x, y ∈ G0 ∗G1, p  0
} for u,v,w ∈ G′0 ∗G′1.
We define a notion. A point x ∈ X is biased to the first factor with respect to
h :π1(X,x0) → G0 ∗ G1, if there exist a neighborhood U of x, a finitely generated sub-
group F1 of G1 and a path p from x to x0 such that h · ϕp([l]) ∈ G0 ∗ F1 for every loop l
in U with the base point x. We similarly define that x is biased to the second factor with
respect to h. Since h is fixed during the proof, we sometimes omit the word “with respect
to h”.
Lemma 4.4. Under the assumption of Theorem 1.5, each x ∈ X is biased to the first factor
or to the second factor with respect to h, but is not biased to the both.
Proof. Suppose the negation of the conclusion. Let Vn be a connected neighborhood of x
such that Vn is locally connected and the diameter of Vn is less than 1/n and Ln be the set
of loops with the base point x in Vn. Let Sn = {[f ]: f ∈ Ln} be the subgroup of π1(X,x).
Fix a path p from x to x0. By Kurosh’s Theorem [34, Section 34] or [33, Chapter 17],
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G1. By Theorem 1.4 the number of components of this free product is finite. Since the
component isomorphic to a free group is finitely generated, there exist u,v ∈ G0 ∗G1 and
infinitely generated subgroups H0 and H1 such that u−1H0u and v−1H1v are free factors
of h · ϕp(Sm) and neither H0 nor H1 is not contained in any finitely generated subgroup
of G0 nor any finitely generated subgroup of G1. We choose loops lm in Lm with the base
point x and natural numbers km < km+1 by induction.
Let l1 be so that h · ϕp([l1]) 	= e and k1 = 2. In the m-step, let km = m + max{l(h ·
ϕp([li · · · lm−1])): 0 i m− 1}+ km−1. Applying the above argument to h ·ϕp(Sm), we
obtain u−1H0u and v−1H1v. Take finitely generated subgroups H ′0 of G0 and H ′1 of G0
such that u ∈ H ′0, v ∈ H ′1 and h · ϕp([li]) ∈ H ′0 ∗H ′1 for every 0 i m− 1. By applying
Lemma 4.3 to H0 \H ′0 and H1 \H ′0, we obtain a loop lm in Lm such that
(1) h · ϕp([lm]) /∈ C2;
(2) h · ϕp([li · · · lm]) does not belong to
{(
x−1f xy−1gy
)p
x−1f x, y−1gy
(
x−1f xy−1gy
)p
:
f,g ∈ G0 ∪G1, x, y ∈ G0 ∗G1, p  0
}
for each 1 i m− 1.
We use the following notion in the proof of [12, Theorem 1.1] to connect infinitely many
loops with the base point x. Let Seq be the set of all finite sequences of natural numbers and
denote the length of s ∈ Seq by lh(s). An element s ∈ Seq is denoted by 〈s1, . . . , sn〉 where
sk ∈ N (1 k  n). For s, t ∈ Seq, s ≺ t if s(i) < t(i) for the minimal i with s(i) 	= t (i) or
t extends s.
Let Σ = {s ∈ Seq: s(i) i for i < lh(s) and lh(s) 1}. For s ∈ Σ , define numbers as
and bs inductively as follows:
a〈0〉 = 0,
bs = as + 12n ·
1
n! , where n = lh(s),
as = bt + 12n ·
1
n! ·
i
n+ 1 , where n+ 1 = lh(s), t ∗ 〈i〉 = s.
Let u : [0,1] → X be a map defined by:
u|[as, bs] ∼= gn for s ∈ Σ with lh(s) = n,
u(α) = x for α /∈⋃s∈Σ [as, bs];
and let un = u|[as, as′ ] for each n, where lh(s) = lh(s′) = n, s(i) = s′(i) = 0 for 0  i <
n− 1, s(n− 1) = 0, and s′(n− 1) = 1. Since the ranges gn converge to x, u is a loop with
basic point x.
Observe the following fact: Let lh(t) = lh(t ′) = n, t (n − 1) + 1 = t ′(n − 1) and t (i) =
t ′(i) for i < n− 1 for t, t ′ ∈ Σ . Then u|[at , at ′ ] is obtained from un by a translation.
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is equal to:
h([g1]) h([g2]) · · · h([gN−1])h([uN ])kN
. . .
h([gN−1])h([gN ])kN
h([g2]) · · · h([gN−1])h([uN ])kN
. . .
h([gN−1])h([uN ])kN
...
. . .
h([gN−1])h([uN ])kN
h([g1]) h([g2]) · · · h([gN−1])h([uN ])kN
. . .
h([gN−1])h([uN ])kN
h([g2]) · · · h([gN−1])h([uN ])kN
. . .
h([gN−1])h([uN ])kN
...
. . .
h([gN−1])h([uN ])kN
Applying Lemmas 4.1 and 4.3 we conclude h([uN ]) ∈ C1 and by the same argument
h([uN+1]) ∈ C1, which implies h([uN+1])−kN+1 ∈ C1. Since [gN ] = uNu−kN+1N+1 , we have
h([gN ]) ∈ C2, which contradicts the construction.
To show that x is biased only to the first factor or the second, we suppose the negation.
Since a choice of a path p from x to x0 does not effect this notion, we have a path p
from x to x0, a neighborhood U of x and finitely generated subgroups F0 of G0 and F1 of
G1 such that h · ϕp([l]) ∈ G0 ∗ F1 and h · ϕp([l]) ∈ F0 ∗ G1 for every loop l in U . Then
h · ϕp([l]) ∈ F0 ∗ F1, which contradicts that X is not semi-locally simply connected at X
and h is injective. 
Lemma 4.5. Under the assumption of Theorem 1.5, if x is the accumulation point of y’s
such that each y is biased to the first factor with respect to h, then x is also biased to the
first factor. A similar statement for the second factor holds.
Proof. Suppose that x is not biased to the first factor. Then x is biased to the second factor
by Lemma 4.4 and so we have a neighborhood U of x, a finitely generated subgroup F0
of G0 and a path p from x to x0 such that h · ϕp([l]) ∈ F0 ∗G1 for every loop l in U with
the base point x. By the local path-connectivity there exist a point y in U which is biased
to the first factor and a path q from y to x in U . Let l be a loop in U with the base point y.
Then h · ϕqp([l]) = h · ϕp([q−lq]) ∈ F0 ∗G1, which contradicts that y is biased to the first
factor by Lemma 4.4. 
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Proof of Theorem 1.5. By Lemma 4.4 x is biased with respect to h for each x ∈ X. We
claim that all x’s are biased to the first factor or all x’s are biased to the second factor. To
show by contradiction suppose the negation. Then we have x and y such that x is biased
to the first factor and y is biased to the second factor. Let p : [0,1] → X be a path from
x to y and t be the supremum of t such that p(t) is biased to the first factor. Then p(t)
is biased to the first factor by Lemma 4.5, but p(s) is biased to the second factor for any
s > t , which implies that p(t) is biased to the second factor again by Lemma 4.5. We
have a contradiction by Lemma 4.4. Now we have shown that all x’s are biased to the first
factor or all x’s are biased to the second factor. We treat with the first case. There exists a
neighborhood Ux of x which witnesses that x is biased to the first factor for each x. By the
local path-connectivity we may assume that Ux ’s are path-connected. Since X is compact,
there exist x1, . . . , xn such that
⋃n
i=1 Uxi = X. Choose a path fij from xi to xj in Uxi ∪Uxj
when Ui ∩Uj 	= ∅ for 0 i < j  n. Similarly to the argument in the proof of Theorem 1.4
we have a finitely generated subgroup F1 of G1 such that Im(h)G0 ∗ F1. 
Remark 4.6. In Theorem 1.5 the injectivity of a homomorphism h is essential. To see
this we recall the Sierpinski gasket G. Let G = G0 ∪ G1 ∪ G2 where G0,G1,G2 are
similar to G and each two components share a point and similarly G0 = H0 ∪ H1 ∪ H2
where H0 ∩ G1 = H0 ∩ G2 = ∅. By collapsing H1 and H2, we have a retract X of G
consisting of H0, G1 and G2 with three intervals (see Fig. 1). Now π1(X) is isomorphic
to the free product of π1(G1 ∪ G2), π1(H0) and the free group of two generators. Since
π1(G1 ∪G2) and π1(H0) are uncountable, we have an example which shows the necessity
of the injectivity in Theorem 1.5.
Appendix A
First study on fundamental groups of wild spaces was done in a group theoretic paper by
Higman [32], who proved that free groups are n-slender as a noncommutative variant of the
Specker theorem [41]. Actually Specker [41] had proved that the integer group Z is slender.
It should be noted that he studied on cohomology groups at that time. Second one was done
a few years later by Griffiths [30,31]. These papers are fairly well-known to Topologists and
the first paper is related to one-point unions and the second one deals with a presentation
of the fundamental group of the Hawaiian earring, which also appears in the first paper.
Though the group is isomorphic to the one in the Higman paper, it seems that Griffiths did
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the Hawaiian earring.) Again a few years later Curtis and Fort [28,7–9] studied algebraic
topology of one-dimensional spaces. After these works there were no studies before the
work of Morgan and Morrison [36]. Eda [11,14,12,25] studied one point unions and studied
group-theoretic properties of the fundamental group of the Hawaiian earring in [13]. His
research on this line are the following, some of which are jointed works with Kawamura,
Higasikawa, or Conner [5,6,15–24,26]. Shelah [39] answered to a question in [13], which
is related to big fundamental groups in [2].
Wild peano continua appear as the boundaries of spaces of non-positive curvature. Stim-
ulated by this fact, papers have been published by some researchers, for instance, Cannon,
Conner and Zastrow [1–4,42,43].
There are related papers of other researchers which have been published or written as
preprints and now this area is moving.
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